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Abstract The ordering strength of crystallographic preferred orientation data can be as-
sessed in different ways, however, the appropriateness of the methodology used to do so can
depend on the geometry of the distributions. Eigenvalue-based ordering evaluation methods,
for example, may not be appropriate for data that comprise multiple, variably oriented distribu-
tions such as those commonly found in quartz c-axis crystallographic preferred orientations. In
this study, we generate a series of artificial c-axis distributions using the R software environment
and examine the correlations between different distribution geometries (i.e., the opening angle
in a cross-girdled quartz c-axis pole figure) and the strengths of those distributions calculated us-
ing eigenvalue-based evaluation methods. This comparison demonstrates that larger pole figure
opening angles correlate with decreasing distribution ordering strength. The same correlation
does not exist when strength is evaluated using the I2- norm of the estimated probability density
function (Jpr) of the same data. The direct correlations between pole figure c-axis opening angles
and ordering strength noted in the artificial distributions are also demonstrated in the evaluation
of real-world data, though significant complications, perhaps related to the occurrence of non-
quartz phases, variation in flow type and/or critically resolved stress, in the natural specimens
can partially obfuscate the relationship. Regardless, given the potential effect of geometry on
eigenvalue-based evaluation methods we recommend that the ordering strength of pole figure

data be evaluated using Jpr.

1 Introduction

Quantifying finite strain is an aspiration of many ge-
ological studies, but in practice the extractable data
often fall short of this goal. The relative differences
in deformation intensity between specimens, how-
ever, are often easier to assess, typically require
fewer assumptions (such as undeformed geometry)
and, in many cases, can be nearly as insightful as
measures of finite strain. Some studies have used
the strength of ordering of crystal directions, or the
crystallographic preferred orientations (CPO), for that
purpose. The strength of a CPO has been used as
a proxy for deformation intensity where stronger,
more highly ordered CPOs have generally been in-
terpreted to record greater strains (e.g. Hansen et al.,
2014; Heilbronner and Tullis, 2006) as long as dislo-
cation creep is the governing deformation mecha-
nism. Such interpretations are consistent with the
results of deformation experiments (Barnhoorn et al.,
2004). In some works, the CPO strength of pole fig-
ures is quantified using eigenvalue-based methods
(Larson, 2018; Larson et al., 2017) such as cylindric-
ity - B (Vollmer, 1990) and/or intensity - / (Lisle, 1985;
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Mardia, 1972). The orthogonality of the eigenvectors,
however, means that the measures should not be ap-
plied to pole figures that consist of mixtures of two or
more, variably oriented distributions (see Mainprice
et al., 2015), such as the crossed-girdle patterns fre-
guently encountered in natural quartz c-axis pole fig-
ures. The problem with using eigenvalues for such
distributions is that as the angle between the two
girdles (the so-called opening angle) increases, the
normalized S2 and S3 eigenvalues equalize and in-
crease, effectively mimicking the expected result of
less ordered pole figures. This fundamental aspect
of eigenvalue-based evaluation metrics for spherical
orientation data calls into question the results of past
works that have used changes in B or / (for example)
to infer associated variation in the strength of crossed
girdle CPO pole figures and, accordingly, subsequent
interpretations made based on those inferences.

An alternative method to quantify the strength of a
sample of directions, such as in a pole figure, is to cal-
culate the I12- norm (Euclidean norm) of an estimated
probability density function calculated for the spher-
ical distribution of the orientation data (Botev et al.,
2010; Kilian and Heilbronner, 2017; Mainprice et al.,
2015). Following Mainprice et al. (2015), we refer to
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this measure as Jpr.

Considering that the I>- norm of a density func-
tion represents the Euclidean distance of that func-
tion from the origin, the Jpr increases proportionally
with the density expressed by a spherical orientation
distribution. Because of this relationship, it is possi-
ble to use the Jpr to estimate the degree of organiza-
tion (or strength) expressed by a pole figure (Figure
SI-1, Supporting Information). Jpr of a uniform distri-
bution is equal to 1, whereas that of a single point
would result in an infinite value. Because the Jpf is
a function of the density of the pole orientations, it
should not be biased by composite distributions such
as crossed girdles like the eigenvalue-based meth-
ods. Note that Jpr is similar to, but unique from J©PF,
as the latter refers to the 12-norm of the orientation
distribution function (ODF) of crystal orientations and
not vector data (Mainprice et al., 2015). In the cur-
rent contribution we are focused on quantifying CPO
strength from pole figure data only. This focus, there-
fore, excludes other ODF-based distribution strength
quantification parameters such as the M-index (Ske-
mer et al., 2005), R P factor (Chateigner, 2005), and
texture entropy (Schaeben et al., 1998). While com-
parison of such metrics is beyond the scope of the
present work, it has been variably discussed in pre-
viously published studies (e.g. Mainprice et al., 2015;
Skemer et al., 2005; Wenk, 2002).

To investigate the potential effects of changing pole
figure geometries on various metrics of strength, we
define a series of synthetic quartz c-axis distribu-
tions (Figure 1) with different opening angles repre-
sentative of commonly observed distributions. The
strengths of these pole figures were quantified using
various eigenvalue-based methods and the Jpr. Anal-
ysis of the results demonstrates that the eigenvalue-
based methods have a significant negative correla-
tion between strength measure and opening angle.

2 Background

The field of spatial statistics has a rich and expan-
sive history as it relates to geological sciences. Be-
low we summarize some of the main works that have
helped shape current practises as it relates to how
spherical data have been collected and interpreted.
As noted above, we are specifically restricting this to
the assessment of axial, spherical data because of
their common historical use in the literature to define
qualitative strain gradients.

The use of the orientation tensors (Fara and Schei-
degger, 1963; Mardia, 1972; Scheidegger, 1964, 1965;
Watson, 1965, 1966) in the assessment of directional
data has a long history in geosciences including for-
mative works by Woodcock (1977) and Woodcock and
Naylor (1983). In those studies, the authors outlined
methods that can be used to evaluate both the shape
of distributions of spherical data (clusters versus gir-
dles) using a two axis logarithmic plot of the normal-
ized eigenvalues, Sq, S; and S3 of the orientation ten-
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opening angle

opening angle

Figure 1 - Representative examples of the modelled
crystallographic preferred orientations (CPO) investigated.
Contours follow the multiples of uniform density scale as
in the colour scale. A) Type 1 crossed girdle; B) Type 2
crossed girdle; C) Type 1 crossed girdle approximated with
point maxima distributions; D) Type 2 crossed girdle ap-
proximated with point maxima distributions.

sor (Woodcock, 1977) and the randomness of fab-
rics using the S;/Ss ratio (Woodcock and Naylor, 1983).
Woodcock (1977) also defined the parameter C, equiv-
alent to the natural logarithm of the S¢/Ss ratio, as
a measure of the strength of a preferred orienta-
tion. Critically, these early studies pointed out the
limitations of eigenvalue-derived plots (as discussed
above) related to high symmetry fabrics and specifi-
cally crossed girdle crystallographic preferred orien-
tation data (Woodcock, 1977).

Subsequent studies have proposed alternative
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means of assessing the shape and characteristics
of spherical data from the orientation tensor. Lisle
(1985) proposed the Intensity, /, which was based
on the uniformity statistic (Sy) of Mardia (1972), as a
means to improve upon the S;/Ss test of randomness
through accommodation of apparent differences in
the ratio for cluster and girdle-type distributions and
the fact that its distribution is not a simple function
of sample size. Critically, distributions of similar ge-
ometry yield the same / value independent of sam-
ple size (Lisle, 1985). More recently, Vollmer and SUNY
New Paltz (2020) suggested the ‘fabric density index,
D, an alternative to /, which, unlike /, ranges linearly
between end member distribution geometries (0 =
uniform, 0.5 = girdle, 1 = cluster).

Vollmer (1990) applied orientation tensor eigen-
values to structural domain analysis. In that work,
Vollmer used the differences between the eigenval-
ues instead of the ratios to develop a triangular plot
with axes corresponding to the fabricindexes P, Rand
G - point, random and girdle, respectively, that range
between 0 and 1. Vollmer further defined a fourth in-
dex, cylindricity (B), the sum of P and G (equivalent to
1-R), which informs the ordering of the distribution
independent of geometry (Vollmer, 1990). As Wood-
cock (1977) did previously, Vollmer (1990) pointed out
that eigenvalue analysis is best employed for distri-
butions with orthorhombic or unimodal axial symme-
tries. This same conclusion, specific to quartz c-axis
orientations, was also reached by Starkey (1993).

The versatility and ease of use of the various
eigenvalue-based methods has led to their recent us-
age to assess the strength of CPOs (e.g. Graziani et al.,
2020, 2022; Hunter et al., 2018; Larson, 2018; Larson
etal., 2017; Longetal., 2020, 2019; Parsons et al., 2014;
Starnes et al., 2020). While some of those studies have
compared eigenvalue-based results with those com-
puted from the Jp¢ (Graziani et al., 2020; Long et al.,
2020) or other norm-based methods (Hunter et al.,
2018), most works have directly compared and inter-
preted the eigenvalue-based metrics, which resulted
from crossed girdle pole figures. As noted above,
however, the complex symmetries of crossed girdles
means that such distributions may not be meaning-
fully assessed using the orientation tensor (Mainprice
et al., 2015; Vollmer, 1990; Woodcock, 1977).

3 Methods

To quantify the bias introduced by eigenvalue-based
methods when estimating the relative strengths of
axis distributions with different geometries, a series
of synthetic axis distributions were generated. The
R software environment R Core Team (2021) scripts
written to generate the distributions are included in
the Supplementary Data and summarily described
below. The distributions investigated include differ-
ent types of crossed girdles with variable opening an-
gles or rotations (see Figure SI-2 for examples of each
distribution, Supporting Information). Type 2 crossed
girdle (Figure 1B; Law et al., 2011, 2021, 2004; Lister,

103 |

1977) distributions were constructed using randomly
generated numbers between 360 and 180 to define
an azimuthal distribution that covered half a sphere
(as projected in a lower hemisphere plot). Those data
were effectively assigned a default plunge of 0°, plac-
ing them along the primitive. The plunges were then
normally redistributed away from their original value
with a standard deviation of 5°. These orientations
were rotated 90 degrees counter-clockwise about a
horizontal N-trending axis (all directions are given
with respect to the primitive) to create a vertical single
girdle and then further rotated about a vertical axis to
achieve the appropriate girdle orientation. The same
procedure was repeated to generate the second gir-
dle to complete the distribution.

Type 1 crossed girdle distributions (Figure 1A; Law
et al, 2021, 2013; Lister, 1977; Thigpen et al., 2010)
were approximated by creating small circles with op-
posite opening directions through similar methods
outlined above. The central septum was then calcu-
lated to intersect the small circles by generating a sin-
gle girdle with a limited distribution based on the rake
of the small circlesin a vertical N-S plane. The number
of points in the central septum and the small circle
‘arms’ was calculated based on their relative angular
coverage on the sphere and a target total of ~1000
points.

The modified crossed girdle distribution geome-
tries (Figure 1C, D) were developed based on multi-
ple point distributions. These were constructed us-
ing a randomly generated azimuth between 1° and
360° and a plunge generated from a normal distribu-
tion around 90° with a standard deviation of 5°. Each
point distribution was then rotated into its final posi-
tion. The number of points was split evenly across
the various maxima.

Finally, additional distributions were generated to
investigate the potential effect of more diffuse data
(Figure SI-3, Supporting Information) and the case
where the c-axis distribution may be less dense to-
ward the primitive (see pole figure CPOs in Law et al.,
2011). In the latter case, the point maxima approx-
imations of Type 1 distributions were recalculated
with half the density of points in the maxima at the
primitive (Figure Sl-4, Supporting Information).

All distributions were individually generated 5
times. The strength values are reported as the mean
of those 5 iterations with uncertainties reported as
the standard deviation. The MTEX toolbox (Bach-
mann et al., 2010, https://mtex-toolbox.github.io/in-
dex.html) was used to generate contoured stereonet
plots and calculate Jpr (Mainprice et al., 2015). For in-
ternal consistency, a de La Vallee-Poussin kernel with
a half-width of 10° was used for density contours and
Jpe calculation for all distributions.

4 Results

Analysis of the modelled distributions shows that B,
I, and D decrease with increasing opening angle of
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Figure 2 - Summary diagram showing the effects of crystallographic preferred orientation (CPO) (single girdle and point
maxima) and/or opening angle (crossed girdle) on different metrics of CPO strength. B = cylindricity; / = intensity; D = density;

JPF = I°- norm of the spherical density distribution.

the generated Type 1 and Type 2 crossed girdle dis-
tributions (Figure 2A, B). A similar, though less pro-
nounced, trend is noted in the Jpr. We repeated the
same analyses on the multimodal point distributions
(Type 1 and Type 2 - style crossed “girdles”) (Figure 2C,
D). As before, B, / and D decrease with increasing
opening angle. Jpr of the multi-point distributions
also decreases with increasing opening angle initially
(< 30°), but is essentially unchanged at opening an-
gles > 30°.

The point maxima-approximated Type 2 distribu-
tions with more diffuse data (i.e., point maxima with
progressively larger variances in the normal distribu-
tions used to generate them), were also examined.
The differences in the relationship between strength
and opening angle between the variances, however,
are minimal (Figure 3; Figure SI-3, Supporting Infor-
mation). For the distributions generated with weaker
peripheral maxima (Supplementary Figure 4), the re-
lationship of increasing opening angle with decreas-
ing distribution strength remains, but is diminished
for B,  and D, while Jpg is invariant (Figure 4).
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The continuously decreasing B, /, and D with increas-
ing opening angles in the generated Type 1 and Type
2 crossed girdle distributions of otherwise approxi-
mately identical geometries are consistent with the
previously stated limitations of using the orientation
tensor to represent complex geometries, and specif-
ically pole figures represented by mixtures of distri-
butions. The opening angle of quartz c-axis distribu-
tions has been correlated with temperature (Faleiros
etal., 2016; Kruhl, 1998; Morgan and Law, 2004). While
this relationship may be debatable, and the authors
of this manuscript may not agree on the justification
of the relationship, it continues to be employed in
many studies. Nevertheless, the range in opening an-
gles explored in this work, 15° to 90°, would translate
to a temperature range of ~ 150°C to ~ 660°C (using
equations 1 and 2 of Faleiros et al., 2016). Obviously,
the above computations for opening angles > 90° will
be identical to 180° minus the angle in question.

Interpretations

Due to the nature of quartz deformation,
crossed girdle distributions with opening angles
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Figure 3 - Distribution strength metrics for Type I
maxima-based distributions generated with different vari-
ances around the point distribution maxima. B = cylindric-

ity; / = intensity; D = density; JPF = I2- norm of the spherical
density distribution.

of ~ 55°-90° are common in the literature (see Law,
2014; Law et al., 2004, 2011, 2013, 2021; Morgan and
Law, 2004, and many other). As shown in Figure 5,
even small 5° changes in opening angle between
55° and 90° can significantly affect the B, /, and D
calculated for a distribution, whereas for the same
range the Jpr is essentially invariant. This result is
critical as it shows the Jpr is unaffected by changes
across the opening angles most encountered in
geological study.
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Figure 4 - Quartz crystallographic preferred orientation
(CPO)/fabric strength of Type 1 crossed girdles with differ-
ent opening angles. The CPOs modelled using point max-
ima distributions in two different ways 1) as point max-
ima with an even distribution across all maxima and 2) as
point maxima with reduced concentrations in the periph-
eral maxima (‘weak arms’). B = cylindricity; / = intensity; D =
density; JPF = I>- norm of the spherical density distribution.
See text for discussion.

6 Discussion
6.1 Study Limitations

The invariant nature of Jpr applies for distributions
that do not overlap, e.g., here between 30° and
90°. Where individual distributions overlap, as is
the case for small distances separating distributions,
sufficiently broad distributions, or overly large half-
widths used to assess the density, the norm of the
density of the mixture must increase. The Type 2
synthetic distributions generated by simply adding
and rotating two single girdle distributions (Figure 1B)
overlap in the center. The associated increase in den-
sity can be further exacerbated by overlap along the
primitive for increasingly small opening angles (< 30°;
Figure 2; Figure SI-2, Supporting Information). The
girdle geometries generated using point maxima dis-
tributions help avoid the central overlap but not over-
lap near the primitive for distributions separated by
a small angle (i.e. < 30°; Figure SI-2, Supporting In-
formation). Choosing a narrower kernel halfwidth to
circumvent any overlap is not a solution as it will re-
sult in an overestimation of the density.
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6.2 Insights Based on the Analysis of Ar-
tificial Distributions

Regardless of the complications at smaller opening
angles, when quantifying axial distributions in the
typical range of interest of most studies, the Jp¢ is
essentially invariant making it the most appropriate
measure of the strength of a distribution for pole
figure CPO data. This can be visualized by plotting
the difference in strength between different individ-
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Figure 6 - Top: Crystallographic preferred orientation
(CPO) opening angle versus temperature as estimated from
the equations of Faleiros et al. (2016). Bottom: The differ-
ence in strength calculated every 5° for opening angles be-
tween 45° and 90° for Type 1 and Type 2 crossed girdle
CPO. The differences are normalized to the maximum CPO
strength calculated for each strength parameter. B = cylin-
dricity; / = intensity; D = density; Jpr = I°- norm of the spher-
ical density distribution. See text for discussion.

ual opening angles normalized to their maximum
strength of that measure across the entire range of
opening angles. Figure 6 shows that differences in B,
I, and D for Type 1 crossed girdle distributions, cal-
culated based on point maxima approximations (Fig-
ure 1) at 5° increments between 45 and 90°, do not
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vary much, consistent with their near-linear decrease
with opening angle (Figure 5). The differences in dis-
tribution strengths calculated over the same intervals
for Type 2 crossed girdles are larger, but broadly con-
sistent for B and D, while they start out much higher
and decrease nearly linearly for / to a minimum be-
tween 85° and 90° (Figure 6). Again, these patterns
reflect those shown in Figure 5 where B and D de-
crease linearly with increasing opening angle and /
decreases with a non-linear decay shape.

The difference in Jpg calculated for 5° increments
between 45° and 90° for both Type 1 and Type 2
crossed girdles is near zero and essentially invariant
(Figure 5) demonstrating the lack of effect that open-
ing angle has on the Jpg. Critically, the difference in Jp¢
calculated is always significantly lower than B, /, and
D. This relationship further shows that Jpr should be
used as the primary means to quantify the strength
of CPOs.
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6.3 Application to Real-World Data

While analysis of artificial distributions demonstrates
the potential problems associated with relying on B, /,
and D to quantify distribution strength when assess-
ing crossed girdle pole figure CPOs, we can gain fur-
ther insight by examining real-world data. To avoid
potential complications of sampling across multiple
deformation zones with complex deformation his-
tories and widely varying lithologies, herein we fo-
cus on the expertly characterized, high-quality quartz
CPO dataset from the immediate hanging wall of the
Moine thrust, Scotland, published in Law et al. (2011).

Comparison of the spatial trends of the various
strength parameters indicates that while the opening
angle of crossed girdle distributions may affect B, J,
and D, it may not be obvious in the overall patterns;
the CPO strength profiles above the Moine thrust (Fig-
ure5; Lawetal., 2021) appear similar for B, /, D, and Jpf.
There are some notable exceptions, however, where
changes in opening angle coincide with decoupling
between the patterns of B, /, D, and Jpr. For example,
at ~ 2100 m above the Moine thrust, the measured

| volume 1.1 | 2023


https://doi.org/10.55575/tektonika2023.1.1.23

| RESEARCH ARTICLE | Larson et al., Practical Assessment of Quartz CPO Strength

opening angle increases from 76° to 80° (Figure 7A;
marked with a “1"). The Jpg across those same speci-
mens is essentially flat, however, there is a minor dip
in B, I, and D.

If the strength data from the Moine thrust hang-
ing wall are plotted against opening angle, however,
the relationship of decreasing B, /, and D with in-
creasing opening angle becomes apparent (Figure
8A). The Pearson linear coefficients (R2) calculated for
B, /, and D range between 0.51 and 0.53, which indi-
cates approximately half of the decrease in strength
can be correlated with an increase in opening angle,
whereas the same metric calculated for Jpr is 0.09.
The strong negative correlation between B, /, and D
and opening angle, and lack of correlation between
JPF and opening angle, is consistent with the expec-
tations outlined from investigation of artificial distri-
butions.

For comparison with the Moine hanging wall CPO
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data, the same style of investigation was applied to
the data presented in Larson (2018) from the Khimti
khola valley in central Nepal. Unlike the Moine data,
the specimens from the Khimti khola are interpreted
to record a spatially restricted, multi-deformational
history. When plotted in relative structural position
with opening angles, strength metrics appear to be
coupled, behaving similarly across the field area (Fig-
ure 7B). When the strength data are plotted against
opening angle alone, however, the expected negative
relationship is observed (Figure 8B). In contrast to the
Moine data, that same relationship is noted across
all strength metrics including Jpr. The apparent de-
parture from an expected ‘flat’ relationship between
Jpr and opening angle can be attributed to the multi-
stage deformation history of the area. The speci-
mens at the top of the structural section (>0.8 rela-
tive structural height; Figure 7B) are interpreted to
record a late, high-strain deformation episode char-
acterised by smaller quartz CPO opening angles and
greater organization (Larson, 2018) resulting anoma-
lously higher Jpr that distort the relationship.

Further complications in real-world datasets may
be introduced by inter-sample variability. Changes in
overall lithology, volume % quartz and other phases,
the interconnected nature of quartz, finite strain, flow
type and differential stress may all impact the devel-
opment and strength of the CPO (Graziani et al., 2020;
Herwegh et al., 2011; Kilian et al., 2011; Lister and Price,
1978; Lister and Williams, 1979). Variable contribu-
tions from these factors may obfuscate the geomet-
ric relationship between eigenvalue-based strength
measures and opening angles and indeed the lim-
ited studies that have published data from multi-
ple parameters, including Jp, from varying lithologies
(Graziani et al., 2020; Long et al., 2020) show little dif-
ference in overall spatial strength patterns between
methods.

7 Conclusions

Examination of synthetic distributions show that
opening angle can have a significant effect on the cal-
culated strength of crossed girdle pole figure CPOs
using eigenvalue-based methods, B, /, and D, whereas
strength determinations using the I>- norm of the
spherical density distribution (Jpf) are essentially un-
affected. Those observations are supported by ex-
amination of real-world data from well-studied loca-
tions. Given the documented effect of different open-
ing angles on distribution strength identified in artifi-
cial and natural data, it is recommended that the Jpr
be used in favour of eigenvalue-based strength de-
termination methods when quantifying the strength
of distributions of spherical axial data.
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